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lii previous work Q, we developed quantum physics on the Moval plain • with time-space non- 



commutativity, basing ourselves on the work of Doplicher et al. 



Here we extend it to certain 



| noncommutative versions of the cylinder, IR 3 and lx5 3 . In all these models, only discrete time 



translations are possible, a result known before in the first two cases 



B-D 



One striking conse- 



Oh. quence of quantised time translations is that even though a time independent Hamiltonian is an 

<D . 

observable, in scattering processes, it is conserved only modulo where 9 is the noncommuta- 
tive parameter. (In contrast, on a one-dimensional periodic lattice of lattice spacing a and length 
L = Na, only momentum mod ^ is observable (and can be conserved).) Suggestions for further 
study of this effect are made. Scattering theory is formulated and an approach to quantum field 
theory is outlined. 
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I. Introduction 



Let x = (xq , x) G M d be coordinates of M. d with xq and Xi (z = 1, 2, 3) being its time and 
spatial components. The coordinate functions a;^ are then defined by evaluation map: 

(jfi) • (1) 

The algebra generated by with ^-operation x* = x M is the C*-algebra C° (R d ) := Ao(M. d ) 
of R d . 

The Moyal plane A (R d ) is a deformation of this algebra where x M do not commute: 

O^u = real constants, = —9 VIX . (2) 

In previous work [7], we developed quantum mechanics on Ag(M. d ) with time-space non- 
commutativity, 

^t^O, (3) 
assuming for simplicity that spatial coordinates commute, 

% = 0, i,j G {1, 2, 3} (4) 

and basing ourselves on the approach of Doplicher et al. jlj . Theory of classical waves and 
particles on such spacetimes was also formulated and applied to interference phenomena . 

In this paper, we continue this line of investigation and study the following three algebras 
and their physics. 

1) The Noncommutative Cylinder Ag (l x 5 1 ) 

It is generated by Xq and e~ lXl with the relation 

[x , e- i£l ] = 6e~ i£l . (5) 
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2) Noncommutative M 3 



The algebra e 2 in this case is the enveloping algebra of e 2 , the Lie algebra of the Euclidean 
group E 2 . Spacetime coordinates x^ form a basis of e 2 and fulfill the commutation relations 

[ X% , Xj] , [ Xq , X2] tO €ijXj , 

€ij = -€ji , 6i2 = 1 . (6) 

Thus Xj are identified with translations and £o/# is the canonically normalised angular 
momentum J: 



The Lie algebra e 2 is a contraction of so(2, 1), the Lie algebra of SO(2, 1). The latter 
and its enveloping algebra have occurred as spacetime algebras in 2+1 gravity jjj. (See also 



and also 



in this connection. ) 



3) The Noncommutative R x S 3 , Ag (K x S 3 ) 

We can represent S 3 = (x G IR 4 : x| = 1) by SU(2) matrices: 

x I + if-x G SU(2), (8) 

where I is the 2x2 unit matrix and r, are Pauli matrices. In this way we identify S 3 and 
SU{2). Left- and right- regular representations of SU{2) act on functions C°° (SU(2)) on 
ST7(2). 

Let stt(2) be the Lie algebra of 577(2) with conventional angular momentum operators 
Jj. Then in particular, J 3 has a right action J% on C°° (ST/ (2)): 

(e m * R f) (g) = f(ge m ^) (9) 

for / G C°° (ST7(2)) and </ G SU{2). 
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In the algebra Ae (R x S 3 ), the spatial slice S 3 is represented by the commutative algebra 
C°° (SU(2)), and time xq is identified with 29 in the following way: 



e iu)£o fe- iuj£o J (s) := [e™ WJ ? f) (s) . (10) 

Cases 1) and 3) are actually very similar. In case 1), the spatial slice has algebra C°° (S 1 ) 
and J = xq/9 is the canonically normalised generator of rotations: e t2nJ a e~ t2nJ = a, for 
aeAo(Rx S 1 ). 

In all these cases, time translations get quantised in units of 9 in quantum physics. This 
result is known for cases 1) and 2) j^-p. It comes from the fact that the spectrum spec J 
or spec J 3 of J or J 3 in an irreducible representation of the associated algebra is spaced in 
units of 9. We will prove it fully as we go along. 

Using a different approach, a model with quantised evolution was also constructed in |t| . 

There are generalisations of these constructions to manifolds RxM where R accounts 
for time and M is the spatial slice, provided M admits a U(l) action. If J is its generator 
on C°°(M), we can set xq = 9 J and get an algebra Ae (R x M) with quantised evolution. 

The mathematical approach to noncommutativity in this paper is similar to that of Rieffel, 
Connes, Landi and others llOj- 111 . We have drawn much inspiration from their work. 



After reviewing [7[ in the next section, we will study the three preceding examples in 
the subsequent sections. Issues related to energy nonconservation and also scattering and 
quantum field theory are taken up after that. 

II. The Noncommutative Plane 

1. Generalities 

The noncommutative or Moyal plane Ag (lR d ) is based on the commutation relation (J2J)- 
We outline how to do quantum physics on this algebra, summarising [7J. It is enough to 
consider d = 2. Then we can write, without loss of generality, 

[x li ,x v \=i9e ia/ , fi,vE {0,1}, 



e^ = -e^, e i = -ei = l, 9 > . (11) 
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Since x\ and —xq/9 have the commutation relation of position and momentum, we can 
realise this algebra irreducibly on L 2 (R) as in elementary quantum mechanics. 

For quantum mechanics on Ag (M 2 ), elements of Ae (R 2 ) itself constitute the "wave func- 
tions" or "vector states". Then for at G Ae (K 2 ), we have two linear operators a L ' R on these 
vector states: 

a L {jj = a^ } a R ^ = ipa, i> G Ae(R 2 ) . (12) 
Their difference ad a gives the adjoint action of a: 



For 9 = 0, we have time- and space- translation generators id t , The latter is the 



ad a = a L — a R , ad a ip = [a , t/j] . (13) 

- and space- translation £ 
momentum. Their analogues here are Pq , P% where 



P = -^adxi , A = -^adx , (14) 



P^x u = irj^l , r]^ = if jU^v, r/oo = -T)u = 1 • ( 15 ) 
2. The Inner Product 

The next step is to find an inner product on the vector states. There are several (equiv- 
alent) possibilities We describe one here. 
Let 

^ = J d 2 k ${k) e iklXl e ik ° x ° . (16) 
We define its symbol ip, which is a complex function on R 2 = {x = (xq , xi)}, by 

$ = J d 2 k ip(k) e iklXl e ikoxo . (17) 
The inner product (0 , 77)3,0 of two vector states 0, fj is then 



(-0 , 77)3,0 = y dxi t/>*(x , Xi) r](x , Xi) , 
5 



(18) 



rj being the symbol of fj. It depends on xq. 
3. The Hilbert Space 

If ip vanishes at "time" xq and all xi, ip is a null vector in this inner product. The set Af 
of null vectors in this inner product is thus large. The inner product depends as well on Xq. 
Both the nontrivial null vectors and dependence on xq can be eliminated by imposing the 
Schrodinger equation or "constraint". The completion of the resultant vector states in the 
scalar product is the quantum Hilbert space H. 

Let if be a "time-independent" Hamiltonian hermitian in the inner product: 

[P ,H]=0, (4>,Hf)) X0 = (Hi>,r)) X0 . (19) 
Let C be the vectors fulfilling the Schrodinger equation: 

C = ($eAe (M 2 ) : (P - H) j> = 0) . (20) 

Then since 

(e- iPoT ^ , e- iPoT fj) = , e^" V) = U , v) (21) 

V / XQ V / XQ \ / XQ 

for ip , f) E C, we can see that the inner product is independent of xq for vectors in C. So we 
write {i>,f)) X0 as $ ,fj). 

Also if ip T is the symbol of e~* p ° r -?/>, then ([IB]) , (fTTj) show that ip T (xo , X\) = i/j(xo + t , x\). 
Hence if $ G C and ip is zero at Xq and all Xi, then it is identically zero. From (|17jh z/> is 
then zero, and so by (fT5|). ^ = 0. So we also get 

A/"nC = {0} (22) 

as claimed. 

There is a simple solution for the Schrodinger constraint for time-independent H: 

^eC^jj = e- idi *x (xi) • (23) 
The vector x (£i) has no dependence on Xq, that is, commutes with x±. 
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We can extend the discussion to time-dependent, but still hermitean, Hamiltonians. For 
details, see 

4- On Positive Maps 

A positive map S on a *-algebra A is a linear map S : a G A i — > S 1 (a) G C with the 
properties 

S(a*) = S{a)*, 

S(a*a)>0. (24) 

Given such a map S, we can define an inner product (• , ■) on A: (a , p) = S (&*$). 
The inner product (fTH|) comes from the following positive map S xo : 

SxoW = / dxi ip{x , xi) . (25) 



Positive maps, like traces, can substitute for integration on algebras, and are useful for 
formulating physical theories on noncommutative spacetimes. 

III. The Noncommutative Cylinder 

The oo_ta t ive cylinder * (R x *) has been considered in gre at detail hy 
Chaichian et al. |2J, especially as regards its quantum field theory aspects. They have 
pointed out and emphasised that time gets quantised on Ae (M x S 1 ) (see also js|) and 
studied the impact of this quantisation on causality and unitarity. Below, we review how 
this quantisation comes about and develop quantum physics on Ae (M x S* 1 ). We do not 
encounter problems with unitarity. 

For 6 = 0, there is a close relation between C°° (R x E) and the functions C°° (Ix S 1 ) 
on a cylinder. The former is generated by coordinate functions xq and x±, and the latter 
by xq and e tXl , e tXl being invariant under the 27r-shifts x± — > x\ ± 2n. Following this idea, 
we can regard the noncommutative IxS 1 algebra Ag (1 x 5 1 ) as generated by xq and e lXl 
with the defining relation 
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■IX! I QJIX\ 



e x x = x e 1 + 

following from pijl . 

For C°° (R x S 11 ), the momentum pi is the differential operator defined by 

[ft, e i£l ] = e i£l . (26) 



By evaluating (j2B|) at x±, we can write it in the usual way: 
It follows from (J26|) that 

e «hi$i e t*i e -t27tfi = g<*i _ (27) 

So e* 2 ^ 1 is in the center of the algebra generated by pi, e lXl with the relation ()26|) . In an 
irreducible representation (IRR), it is a phase e tip times I. The spectrum of f>\ in an IRR is 
hence 

specft = Z + = (n+ ^ : n G z) . (28) 

27T L Z7T J 

Its domain 2\,(pi) in such an IRR is spanned by quasi-per iodic functions Xn- 

j(n+^)& 1 ^ n G Z , 



X„(xi + 2vr) = e^Xn(£i) ■ (29) 

If for example 

H=^- (30) 

2m v ; 

is the Hamiltonian, its domain V^H) fulfilling the Schrodinger constraint as well is spanned 
by 

Tpn = Xne- lE " £ ° , (31) 

with if) n being eigenstates of H: 

Htfj n = E n ^ n , (32) 



En = ^-(n + -pl 2 . (33) 



2m V 2tt 

The quantity (p is generally interpreted as the flux through the circle. 
For the noncommutative cylinder, (|27jl generalises in a striking manner 



e -t-g-X ^X! e t-g-X _ ^X-l 
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Hence in an IRR, 

e -i^&o = e -i n j (35) 

so that for the spectrum spec xq of xq in an IRR, we have, 

specie, = OZ + — = 9 (z + —) = id (n + —) : n E z) . (36) 
2ir V 2ti/ I V 27T/ J 

We can realise .Ag (R x irreducibly in the auxiliary Hilbert space L 2 (S* 1 , rfxi). It has 

the scalar product given by 

r-2-K 

(a,/3)= d Xl a* (e lXl ) (3 (e ixi ) , a, (3 e L 2 (S 1 ,dx 1 ) . (37) 
Jo 

On this space, e lXl acts by evaluation map, 

(e tXl a) (e tXl ) = e ixi a (e ixi ) , (38) 

while Xq/8 acts like the 9 = momentum with domain D^pi). 

We denote this particular representation of A$ (R x S 1 ) as ^ (R x S 1 , e 1 ^). 

Let us examine more closely. We can regard it as generated by e txi 

and e luJX ° where to is real. Now because of the spectral result (|36jh 

Thus elements of Ag (R x S* 1 , e*^ 7 ) are quasiperiodic in u just as Xn is quasiperiodic in xi, 
and we can restrict uj to its fundamental domain: 



e 1 e 

The general element of Ag (l x S 1 , e 1 ^) is thus 



(40) 



^ / ° dua n (u)e inxi e iuJX0 , (41) 
as first discussed by Chaichian et al. 



a 



1. Positive Maps and Inner Products 

A positive map on Ag (R X S 1 ,^^) can be found from symbol calculus. Since the 
spectrum of x is 9 (Z + and the spectrum of e tXl is S 1 , the symbol of a is a function a 
on#(Z + ^) x 5 1 : 

+ x^^C. (42) 
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It is defined by 



" '^ m + f~) ■ ( '"' L 



-J2 duua n {uj)e inXl e iuie ( m+ %) . (43) 

Before proceeding, we show that a determines a n and hence a uniquely, so that the 
map a — > a is well-defined. We show also the converse, that a determines a n and hence a 
uniquely, so that the map a — > a is bijective. 

Let \n) be the normalised eigenstates of x : 



x \n) = 6 (n + — ) \n) , (m\n) = 5 n 



neZ. 



Then 



Therefore 



and since 



we find 



e** 1 \ n ) = \n - 1) . 

e 

2^ 



e i{u -"' )dn = 5{u-u') 



— V e- iuje ( n+ %) (n-m\a \n) = a m {u) . 

n 

The inverse map follows similarly: 



a n [uj) 



(2tt) 2 

Our positive map is S g / +J£ _y 
S e ( m+ ^\ (a) 



•A) 



ie " ma;i a(#(m + -j-) ,e iXl 



2 77 



r/.r L n ( ( m + ^- ] . < Ln 



Just as in (fTSj) . we then have, for inner product, 



2tt 



(44) 

(45) 
(46) 
(47) 
(48) 

(49) 



(50) 



(51) 



There are other possibilities for inner product such as the one based on coherent states. 
The equivalence of theories based on different inner products is discussed in Q. 
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2. Spectrum of Momentum 



We can infer the spectrum of the momentum operator P\ when it acts on 
Aq (R x S 1 , e 4 ^). Since this algebra allows for only integral powers of e lXl , and 

iV n£l =ne in£ \ (52) 

we have 



spec Pi = Z . (53) 

The flux term is in this spectrum. 

For the construction of a Hilbert space, we do not need this algebra. It is enough to have 
an -module which can be consistently treated. Such a module is 

Ae (R x SV^e'^) = U = J] J" duj%(iu)e in£l e iuj£o \ . (54) 



nGZ " 8 



The eigenvalues of A are now shifted by 



p^t^j™ 1 = (n+^J e^e'"* 1 ,neZ. (55) 

So we now have a flux term 

We have to check that Ag (m. x S 1 , e*^ , e 4 ^^ also has an inner product. That is so 
because if 

jJeAefatx SV^e^) , (56) 

then 



fSeAe RxS , \e , £ J, (57) 



(the -^-dependent factors e 4 ^ 1 cancelling out), so that the inner product is still like (jB*T|) : 



(7, = 5 e(m+^) (7**) • ( 58 ) 

It is interesting that the flux terms in time and momentum can be different. 

We remark that the Schrodinger constraint below does not alter the spectrum of P\. 
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3. The Schrodinger Constraint 



a) The Time- Independent Hamiltonian 
Since 

id Xo e iuj£ ° = -cue iuj£ ° (59) 

is not quasiperiodic in lu, continuous time translations and the Schrodinger constraint in the 
original form cannot be defined on ^(Kx S 1 ). 

But translation of Xq by ±8 leaves its spectrum intact. Hence the operator 

and its integral powers act on Aq (R x S 1 ). The conventional Schrodinger constraint is 
thus changed to a discrete Schrodinger constraint. In the time-independent case when the 
Hamiltonian can be written as H (e ix i,Px\, the family of vector states constrained by the 
discrete Schrodinger equation is 

He e*&) = {|6^(kx S 1 , e'*, : e'^^ip = e"^} . (61) 

It has solutions 

j = e -itfii(e'*tPi) e i± il £( e i^ ) (62) 

just as in (J22J). 

b) The Time- Dependent Hamiltonian 
The time-dependent Hamiltonian is 

e-sA) (63) 

and the Schrodinger constraint (|61|) defining He {^e 1 ^ ,e*^j is intact. We can solve this 
constraint as follows. 
Write 

h(x l ,x*, e^,A) =k(-eP 1 + x^xle li \P l ) ^(i fi ,e' if ,A) • (64) 
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We can try to replace Xq by r and try to solve (|61|) along the lines of the treatment in []| 
of time-dependent Hamiltonians for Ae(M. 2 ). But for that we need to know the spectrum 
spec Xq of Xq in Ag (m. x S 1 , , e 1 ^ J , since is defined in r only for r G spec Xq . 



In *4.# x S x , e l 2vr ; e*2ir J, we choose the following domain D^, (x^) for Xq\ 

D v (x$) =^aeA e (RxS l ,e i %,e i ^ : & n L + ^j = e~^a n {u})\ . (65) 
For a G D v (x£) , 

x^a = ax = e l ^ £l j + ° dcu a n (oj)e mAl (-^ e ^°) 



£*i J2 e in&1 [a n (u)e luJ&0 ] + e^ £l ^ f " duo U^-a n {uj)\ e in£l e iuj&0 . (66) 
The first (surface) terms vanish by (|63j) and 

h J2 f 6 duJ e in&1 e iuJ&0 . (67) 



Xn a = e ^ 1 



Hence if 



+- 



d = e^ £l / rfwe-^^+^Je^e^ , (68) 
then a is an eigenvector of x^: 

x*a = e(n + —) a , (69) 

and for the spectrum of Xq, we get 

specx^ = #Z + ^. (70) 

It is spaced in units of 9. 
We can now solve (JBTj) : 

$ = U (x* -oo) e^ fl x (e i£l ) , (71) 

where 
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U (x$, -oo) = U(x*-9)U (x§ - 29) 



U {4 - jO) = e -^-oe)H{^-je,e^i , Pl ) (72) 
Observables compatible with the Schrodinger constraint can be constructed as before. 

4- Remarks 

We point out that we can see the absence of nontrivial null states in Hg (e l &,e 1 ^^ as 
before so that the inner product becomes a true scalar product for Hg (e l ^,e i ^\ Also, 
the Hilbert space Hg ^e 1 ^ , e^j obtained by completion of Hg [e % ^,e l ^j is independent 
of m in (p8|) while x ' do not act on Hg ( e % ^ , e* ^ j . 

Note that while e~ l ^~ x o acts on Hg i^e 1 ^ , e*^^, it is e~ llp I because of ([69)1 . So it cannot 
be the starting point to define a time operator. 

These remarks generalise to the other examples of discrete evolution considered below. 

IV. Noncommutative M 3 

Here we show that the algebra e<i admits a positive map. With that, one can proceed to 
develop quantum physics. 

If xq, x a (a = 1,2) are time and space coordinate functions in commutative spacetime, 
we call their noncommutative analogues also by Xq, x a . They fulfill the relations 

[x a ,x b ] = , a, b = 1,2, 



[x , x a ] = i9e ab x b , £12 = -£21 = 1 , 9 > . (73) 

(|T3*|) defines the Lie algebra of the two-dimensional Euclidean group, and admits a *- 
operation: x* = x M . Equally important, it admits the time-translation automorphism 
U(t) : U (t)xq = Xq + r. But it is not an inner automorphism, xq having no conjugate 
operator. 
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Spatial translations are not automorphisms of (|73|). That means that momenta, free 
Hamiltonian or plane waves do not exist for (1751) . 

Q 

The algebra e 2 with relations (|7H|) has been treated in detail by Chaichian et al. [2|]. As 



they observe, the operator 



p 2 = ^2 * a * a ( 74 ) 



is in the center of e-i- We can fix its value to be r 2 in an IRR just as we fixed the value of 
e -i^fx £ x gi^ p Qr r 2 > we ]j ave p j ar decomposition 

x 1 ± zx 2 = re Ti£ . (75) 

Now 

« = x e i& + #e i£ , (76) 

and xq, e tx generate Ao (R x S 11 ), the algebra treated before. Hence we can borrow ideas 
from the treatment of ijfMxS 1 ). 

We briefly treat ()73|) regarding x a as generators of C°° (1R 2 ) and xq/8 as the generator 
of rotations in the 1 — 2 plane. The algebra will be realised by operators on the auxiliary 
Hilbert space L 2 (R 2 , d 2 x) with its standard scalar product ( . , . ) where 



(a, 13) = j d 2 xa*(x)(3(x). (77) 
On this space, x a acts by evaluation map, 

x a a(x) = x a a(x) , (78) 
while xq/6 acts like angular momentum with 

e i2nx /9 = f _ ( 7Q ) 

Then for the spectrum of Xq, 

spec xo = 9Z . (80) 

Time is quantised in units of 9 as for Aq (R x S 1 ), but there is no shift from #Z by a flux 
term 6ip/27r. 

There are also ray representations of the Euclidean group which are representations of 
([75)). where the spectrum 67* is shifted by a flux term Our discussion can be adapted to 
this case as well. 
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We now give the positive map and inner product for 
The algebra £2 is generated by 

e iU}£ ° , e if - £ , p.X = p!X! + p 2 x 2 , OJ, Pa G 

where because of the spectral condition (jSUj) . 



Thus we restrict uj according to 



7T 



The general element of the algebra is 

a = J d 2 p J & dwa{u),p)^e l 
The symbol we associate to a is the function 

a<(0n,x) = / d' 2 p \ du a{u,p) e ^ s e iu6n , ne Z. 

This gives the map 



Sen (oi) — J d 2 xa(6n,x). 
We can show that (|S5jl is a positive map. We have the identity 



cos [pu ) sin (t/u; J 
- sin (9uj) cos (0a;) 

A short calculation which uses this identity shows, in an obvious manner, that 



duj a (u,p) e 



Se n (a*d) = (2tt) 2 J d 2 p 
Thus an inner product for e 2 is 

ft, a J = S dn (ft*a) ■ 



iujdn 



> 0. 
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V. The Noncommutative MxS 3 



The noncommutative R x S 3 ~ R x SU(2) is denoted by A e (R x S 3 ). Sect ion I indicates 
its construction: we set the time operator xq equal to 29 where 9 is the noncommutativity 
parameter. With C°° (SU(2)) denoting the commutative algebra of functions on SU(2), 
A e (R x S 3 ) is generated by C°° (SU(2)) and x with relation fijft. 

Let L 2 (SU(2) , dfi) denote the Hilbert space of functions on SU (2) with scalar product 
(• , •) given by the Haar measure d/i: 



(a, b) = j dfi(s)a*(s)b(s) . (90) 

Then Ae (R x S 3 ) acts naturally on this Hilbert space, C°°(SU(2)) acting by point-wise 
multiplication and the differential operator 29J§ . 

The spectrum spec J-f of J% is Z/2. Hence specxo = 91i. Therefore 

It follows that time evolution is quantised in units of 9. 
Furthermore 

e *( w +ir) £ o _ e iw4o _ ^92) 
Hence we can restrict uo to [— ? , ? ] and represent an element ^ of .Ag (R x S 3 ) as 



V>= / du^e^ x °, ^eC°°(SU(2)). (93) 

./-7r/0 

The symbol of ip is the function ip : (spec xo = 9Z) x ££/ (2) — > C defined by 

9 do;^(s)e^ n , nGZ. (94) 
•f 

The inner product can be obtained from an associated map Sg n : 

SenW = [ dti(s)^(6n,s). (95) 
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We can check using the right-invariance of the Haar measure that 

S 6n {r0) = J dfx(s) r {On, s) ip{6n, s) , (96) 

where ip is the symbol of (p. Hence Sg n is a positive map. 

The rest of the treatment involving the Schrodinger constraint follows previous sections. 

VI. On Energy Conservation 

We focus on time-independent Hamiltonians H. In that case, the Schrodinger constraint 
such as ()61|) is preserved by H, 

$EH e (e*£ , e'£) ^H^eHe (e*& , e*£) , (97) 

and consequently H is an observable for ^(Rx S 1 ). The same is true for £2 and 
A e (R x S 3 ). 

However time evolution involves 



U{6) = e~ im , (98) 

its inverse and powers. It is the same for H and H + ^S-. Hence time evolution need conserve 
energy only mod 

This energy nonconservation should show up in scattering and decay processes. In either 
case, if Ei and Ef are initial and final energies, then for 8 = 0, energy conservation is 
enforced by the factor 

/oo 
dr e - lT{E f~ E ^ = 2n5(E f - E t ) (99) 
-00 

in the scattering matrix element. For quantised evolutions such as ours, the factor becomes 

J2 e- ind(E f' E ^ = 2tt<5 s i [0(E f - Ei)\ (100) 

where $51 is the 5-function on S 1 : Ss^(0 + 2ti) = Ss^(0). Thus from an initial state of energy 
Ei, there can be transitions to energies Ef = Ei + ^j-n, fiGZ. 
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In specific models, the probability P n (E) for transitions from Ei = E to Ef = E + ^-n 
can be calculated. We initiate the theory for this purpose in the next section. We are looking 
for a manageable model for a specific calculation. 

Suppose that we start with a state of sharp energy E and let it undergo multiple scat- 
tering. Let the probability for finding energy E + after k scatterings be P n (E , k). 
Then 

P n (E ,k + l) = J2 Pn- m ( £ + y m , l\ P m (E , k) (101) 

where 

P n {E, 1) =P n (E). (102) 

Equation (jlOlj) defines a Markov process with P n (E , 1) giving the rule for updating at each 
step. It is of considerable interest to study P n (E , k) and its limit k — > oo. 

We remark that the limiting distribution P n (E , oo) may be of use to provide bounds on 
9 in conjunction with cosmological data. Presumably distant star or quasar signals arrive at 
us after a large number of scattering processes. We can imagine estimating their frequency 
dispersion after accounting for energy loss by standard 9 = effects, and getting information 
on 9 therefrom. 

VII. Scattering Theory 

We consider only a situation where the Hamiltonian H is time- independent. 
The transition amplitude from the in state vector |+ , a) with label a to an out state 
vector |— , (3) with label (3 defines the matrix element Sp a of the S'-matrix S: 

Sp a = (~ , P\+ , a) . (103) 
Let ifo be the "free" or "comparison" Hamiltonian. Then |+, a) has the property 

U(9) N \+, a) = U (9) N \a) as iV -> -oo, with N G Z (104) 
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where 



U (6) = e' i9Ho . (105) 

The meaning of (|104|) is that in the distant past, |+ , a) evolves like the free evolution of 
the vector \a). 

The label a can be given a meaning in terms of observables of the free system such as 
energy. 

The limit involved requires care. It is to be understood in the strong sense. It defines 
the M0ller operator 



Q+ = lim U(6)- N U (6) N (106) 

N—> — oo , 



with the properties 



Sl+\a) = \+ , a) , (107) 

n + e~ ieAo = e~ iefl n + . (108) 
Equation ()107j) follows from ()104)) while the proof of (jl08j) is as follows: 



Q+ e -*m = lim u{6)- N u {8) N+1 = lim u(9)- {N '- 1) u (9) N ' = e - ieH n + . (109) 

AT— t-oo , m'^-oo, 

Thus Q + intertwines the quantised evolutions due to H and H. 
For 9 = 0, time t is continuous. In that case, (|108|) is replaced by 



n + e -itH =e -itH n + ( 11Q ) 
So for 9 = 0, by differentiating in t, we get the stronger result 



tt + H = HQ + . (Ill) 



But we cannot get such a stronger equation from ()108|) for # ^ 0. This is yet another 
indication that for 9 ^ 0, energy is conserved only mod 
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Just as | + , a) fulfills the Schrodinger constraint involving H, \a) fulfills the Schrodinger 
constraint involving Hq as follows from ([108)1 : 

e - i9p0 \a) = e~ i9flo \a} . (112) 

So scalar products involving |a)'s are also time-independent and admit a general solution of 
a form such as (|62|) . 
In a similar way, if 

-Mtt tO\M 



then 



IT = lim U(6)- M U (6) M , (113) 

M— too . 

Mel 



n-\p) = \-,p), (ii4) 



Hence 



Sfs a = lim (J3\Uo(e)- M U(9) M -"U (e)"\a) := lim {j3\Uj(9, M,N)\a) , (116) 

M— >oo , M— ►oo , 
TV— » — oo , JV — ► — do , 

M,NGZ M,N€Z 

i7j(0, m, TV) = u (ey M u(e) M - N u Q (e) N = e ^o e -^M-^ e -^a (117) 

In commutative physics, where = 0, the corresponding expression Uj(t , t') is 

E/j(i,0 = ^H 0e -i{t-t')H e -it'H = Texp^-iJ drH^T)} , (118) 

Hj(t) = e iA ° T {H - H )e~ iJloT , (119) 

T denoting time-ordering, the interaction representation ^-matrix being C/j(oo , —oo). 
Comparison of ()117|) and f)l 18|) shows that 

Ui(9,M,N) = Texpl-i J drfl/(r)j , (120) 
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H^t) = e iHoT (H - H Q )e- iHoT . (121) 

For 6 = 0, (J118)) has a power series expansion in Hi. But there is a problem with such an 
expansion of pi 7)1 : U(9), Uq(9) and Ui(9, M, N) are invariant under separate shifts of H and 
Hq by however Hi(t) and hence the terms of the perturbation series are invariant only 
under the joint shift of both by the same amount, the joint shift leaving Hi(t) invariant. 
Thus perturbative approximation disturbs an essential feature of quantised evolution. 

It remains to find a substitute for perturbation theory. Perhaps an approximation based 
on the i^-matrix formalism and effective range expansion 3], Q| may be acceptable. 

VIII. On Quantum Fields 

As the spacetime algebras of our interest admit only quantised time evolutions as auto- 
morphisms, a field cannot be the solution of a Klein-Gordon or Dirac equation. We need 
another approach to quantising spacetime fields for purposes of constructing quantum fields. 

One way is to define the quantum field <3? by expanding it in a basis of orthonormal solu- 
tions of the Schrodinger constraint. The coefficients of the expansion would be annihilation 
operators. This is a common approach in condensed matter theory. 

For specificity consider Ae (M x S 1 ) and the "free" Hamiltonian 

P 2 

H = — . (122) 
2M v ; 



In that case, He {e % ^ , e % **j of (jfiT|) is spanned by 



ij n = -_e i ( n+ £)* 1 e- <w ** , (123) 
v 2tt 



where 



^ = 2Ml n+ ^) ' (124) 



^ 2 



Wn= 2MV n+ 27' (125) 
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C0m , ^n) e (^ m+ ^ = 5mn • (126) 

We can now write 

$ = ^flnV'n, , «4] = 5 nm (127) 

n 

where $ describes a free "nonrelativistic" spin-zero field. (We will not consider higher spins 
in this sketch.) 

The second- quantised free Hamiltonian associated with $ is 

H = ^2uj n ala n . (128) 

n 

$ fulfills the second- quantised Schrodinger constraint: 

e -ieP § = [/ o (0)-i<|f7 o (0) , (129) 

U (9) = e~ ieAo . (130) 
The next step is to introduce an interaction Hamiltonian. We follow earlier works 

EL El 

in this regard. An example of an interaction Hamiltonian in interaction representation is 

A/(r) = : e^°A^ (m+&) e~ lT ^ : (131) 

where : ■ : denotes normal ordering of a n , a£. 
L/}(0, M, AT) follows from (fT2TIJ) : 



U I (6,M 1 N)=Texp{-t I drHi{r) \ , M,iVeZ, (132) 



the S"-matrix being 



5= lim U!(6,M,N). (133) 



AT — > — oo , 

M,NeZ 



As before, perturbation series, term by term, is not invariant under the shifts of -Hj(t) by 
whereas (I132J) is. That leaves us with a problem. 
It is also important to know if and how S depends on (m + 
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